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ABSTRACT 
In this paper, the theory and design of a class of perfect- 
reconstruction (PR) biorthogonal nonuniform cosine-modulated 
filter banks (CMFB) is proposed. It is based on a recombination 
or merging structure previously proposed by the authors [ 13. By 
relaxing the original CMFB and the recombination 
transmultiplexer (TMUX) to be biorthogonal. nonuniform 
CMFBs with lower system delay can be obtained. This increases 
the possible choices of the prototype filters and greatly reduces 
the overall system delay of the nonuniform filter bank. A new 
method is also introduced to suppress the spurious response 
resulting from the mismatch in the transition bands of the two 
biorthogonal CMFBs. Design example shows that nonuniform 
CMFBs with good stopband attenuation, lower system delay and 
implementation complexity can be realized using the proposed 
method. 
I. INTRODUCTION 
Nonuniform filter banks with perfect-reconstruction (PR) 
property are desirable in applications such as audio coding. The 
PR condition of nonunifom filter bank was first studied in [ 2 ] ,  
where a structure for P-band nonuniform QMF bank was 
proposed. As the analysis and synthesis filters in this filter bank 
are linear time-invariant (LTI), certain compatibility condition 
has to be satisfied to construct a PR system. In [3], Cox has 
proposed a two-stage structure for pseudo PR nonunifomi filter 
bank by merging certain outputs from a uniform filter bank using 
the synthesis filters of another filter bank with smaller number of 
channels. More recently, the authors have shown that this 
structure is capable of achieving PR if the original filter bank and 
the recombination transmultiplexer (TMUX) are PR [l]. A 
family of orthogonal nonuniform cosine-modulated filter banks 
(CMFB) was also proposed, where a coprime condition on the 
numbers of channels in the original filter bank and the 
recombination TMUX is imposed so that the analysis and 
synthesis filters become LTI. This considerably simplifies the 
design of such nonuniform CMFBs. In this paper, we further 
generalize this class of nonuniform filter banks to the 
biorthogonal case. In addition to the increased freedom offered 
by the more general prototype filters, they can be used to realize 
nonuniform filter banks with much lower system delay than their 
orthogonal counterparts, which is very important in delay 
sensitive applications. Since the original CMFB and the 
recombination TMUX all come from biorthogonal CMFBs, the 
design procedure is different from that in the orthogonal case. A 
new method for designing these biorthogonal nonuniform 
CMFBs is therefore developed in this paper. Design exaniple 
shows that nonunifom CMFBs with high stopband attenuation, 
lower system delay and implementation complexity can be 
obtained by the proposed method. The rest of the paper is 
organized as follows: In Section 11, the principle of the proposed 
biorthogonal nonuniform CMFBs is introduced. The theory of 
CMFB and some design problems related to the proposed 
biorthogonal nonuniform CMFBs such as spectrum inversion 
and transition band matching are described in Section 111. The 
design procedure, design example, and comparison between 
biorhogonal and orthogonal nonuniform CMFBs are given in 
Section IV. Finally, conclusions are drawn in Section V. 
11. COSINE-MODULATED NONUNIFORM 
FILTER BANKS 
The two-stage structure of Cox 131, called indirect or 
recombination (merging) method here, is shown in Fig. 1. The 
first "2, channels of an M-channel uniform filter bank are 
merged using the synthesis filters of an m,-channel uniform 
filter bank, Go,i ( z )  . At the synthesis section, the analysis filters, 
GL.,(z), is used to produce the m, subbands for the M-channel 
uniform filter bank. Similar merging can be perfomied for other 
consecutive channels. For example, an L-band nonunifomi filter 
bank has L merged outputs indexed using I from 0 to L- 1. The 1- 
th output is obtained by merging successively the 171, outputs 
from Hr,+, ( z )  , i = 0 ,... n2, - 1 , where for the I-th band of the 
nonunifomi filter bank, 1; is the starting index of the merged 
channels in the M-channel uniform filter bank and it is given by 
I = O  
'i = )-' Ernk. I = I.....L- I i 8=0 O' 
In Cox's original work, the analysis and synthesis filter banks 
were derived from the pseudo-quadrature mirror filters similar to 
the CMFB, hence it is not PR. It can be seen from Fig. 1 that if 
G,,,(z) and GL,i(z) form a PR TMUX, then it is equivalent to 
introducing a certain delay in the rr+, channels. If this delay is 
compensated in other branches of the nonunifomi filter bank, the 
entire system will be PR. The PR condition for a TMUX is 
closely related to its filter bank counterpart [4], and their design 
procedures are quite similar. More precisely, the PR condition of 
a TMUX is identical to that of a I-skewed PR filter bank. This 
means that we can obtain a PR TMUX from a I-skewed PR filter 
bank, which in tum can be obtained from a standard PR filter 
bank by choosing its filters as Hi.(z) = H , ( z )  and 
<:(z) = z-'<.(z), k = 0, ..., M - 1, where { H ,  ( z ) ,F , ( z ) }  and 
{Hi ( z ) , F i ( z ) }  are the analysis and synthesis filters for a 
standard PR filter bank and a 1-skewed PR filter bank, 
respectively. In Fig. 1, if Go,i(z) and G,,(z) is a I-skewed PR 
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filter bank, then the merging and decomposition operations 
enclosed in dotted line constitute a PR TMUX. In what follows, 
we shall call this filter bank the recombination or merging filter 
bank. 
One possible problem with this structure is the possibility of 
spectrum inversion, where the spectrum in the merged subbands 
are inverted if the starting index of the merged channels in an M- 
channel unifomi filter bank is an odd nuniber [3, 51. This can 
easily be corrected by multiplying the merged output with the 
sequence (-1)” before the upsaniplers [3]. A more serious 
problem, however, is that the analysis (synthesis) filters are in 
general linear periodically time-varying (LPTV). Because of this 
reason, there is no equivalent LTI filter representation like the 
direct structure in [SI, making the optimization quite 
complicated. Fortunately, under the condition that M and in0 
are coprime, the decimators and the interpolators can be 
interchanged [5] ,  and the analysis filters become LTI, giving rise 
to the equivalent filter representation in Fig. 2. For simplicity, 
the first subscript of G,.,(z) is dropped. Using the Noble 
identity [6], one gets, 
,=o 
The design of this nonuniform filter bank with N, ( z )  and 
G, ( z )  derived froni the orthogonal CMFB was discussed in [I] .  
A limitation of this nonunifomi orthogonal CMFB is its rather 
long system delay. In this work. biorthogonal PR CMFB [7, 81 is 
used not only as the original filter bank but also as the 
recombination or merging filter bank to reduce the system delay. 
This also increases the freedom in choosing the prototype filters 
to meet other possible requirements. The design of this new class 
of nonunifomi CMFBs is discussed in the following section. 
111. BIORTHOGONAL NONUNIFORM CMFBS 
AND PROTRUSION CANCELLATION 
I n  CMFB, the analysis and synthesis filters I?, ( n )  and f, (n) 
are obtained respectively by modulating the prototype filter 
h ( r z )  with a cosine modulation as follows, 
k = O , I  ,..., M - I ,  n.=0,1, ..., N - I .  ( 2 )  
For simplicity, the filter length N is assumed to be 2171M, 
where 111 is a positive integer. CMFB with other lengths can 
also be generated from this special case using the technique 
proposed in [9].  Let H ( z ) =  ~ Z - ~ ~ , ( Z ’ . ’ ~  ) be the type 1 
polyphase decomposition of the prototype filter h ( n ) .  For 
perfect reconstruction, H ( z )  has to satisfy the followiiig PR 
condition [7]: 
:.\I-l 
q=0 
~ . ( z ) ~ ~ , , ~ - l ( ~ ) + ~ , , + ~ . ( z ) ~ w - ~ - l ( z )  =P.z-.’ 1 
k =OJ, ..., M - I  . 
for some nonzero constant pand  positive integer s. If the 
CMFB is orthogonal, s is equal to in - 1, due to the linear- 
phase property of the prototype filter. The overall system delay is 
( 3 )  
then fixed at 2mM - 1 samples. In the biorthogonal case, the 
linear-phase property is relaxed and a value of s smaller thm 
nz - 1 can be used. The system delay of the biorthogonal CMf’B 
is then reduced to 2(s + 1)M - 1 samples. As we mentioned 
earlier. PR TMUXs can be generated from I-skewed PR filter 
banks. And a I-skewed PR filter bank {Hi(z ) ,Fi (z )}  can be 
obtained from a standard PR filter bank ( H ,  ( z ) .  Fk ( z ) }  141 by 
choosing the filters as Hi.(z) = H,(z) and 4 : ( z )  = z-’<(z). I f a  
standard PR filter bank has a system delay of 
2(s+I)M - 1  samples, then the system delay of a 1-skewed E’R 
filter bank is 2(s + l ) M  samples. Thus, PR TMUX, which starts 
from 1-skewed PR CMFB, has a delay of 2(s+1) samples. If 
the PR TMUX is derived from an orthogonal CMFB, then the 
delay of the TMUX will be 2172 samples. While in the 
biorthogonal case, since the value of s can be smaller th,m 
nz - 1 , the delay of the PR TMUX can then be reduced. 
We now calculate the total system delay. If s and 5 ,  , 
I =O, , . . ,L- l ,  are respectively the delay parameters of the M- 
channel and ini -channel CMFBs, the total system delay of the 
nonuniform CMFB is 2 ( s + I ) M - I + M . m a x { 2 ( s ,  + I ) }  
samples, where 2(s + l )M - 1 and 2(s ,  + 1) are the system del.ay 
of the original M-channel CMFB and the recombination m, - 
TMUX. By using biorthogonal CMFBs as the original and 
recombination filter banks, the system delay of the nonuniform 
CMFB can therefore be greatly reduced. 
Next, we consider the design of the proposed biorthogorial 
nonunifomi CMFBs. From ( I ) ,  it can be seen that the quality of 
I?,(=) depends on the frequency responses of Hi ( z )  and 
G# (2). If two independent CMFBs are merged together, 
protrusions or spurious response will appear in the stopband of 
E, ( z )  . This is illustrated in Fig. 3(a) for the frequency response 
of E, ( z )  in a two-band nonuniform filter bank with decimation 
4 3  
7 7  
factors ( -, - ). In this example, L = 2, nzo = 4 and m1 = 3 . 
The first four channels and the remaining three channels of a 7- 
channel biorthogonal CMFB are separately merged by a 4- 
channel and a 3-channel biorthogonal CMFBs. Due to the 
nlisniatch in the transition bands of the filters, H, ( z )  and 
G, ( z ) ,  fi,(z) will exhibit protrusion in the stopband of the 
interpolated filters. Fortunately, we found that if the transition 
band of the filters, H, ( z )  and G, ( z )  , are matched to each other, 
protrusions or spurious response will be suppressed, as shown in 
Fig. 3(b). More precisely, the transition band of the m, -channel 
CMFB, after interpolation by a factor of M, should be equal to 
that of the M-channel CMFB, after interpolation by m, . 
Therefore, it is possible to design the M-channel biorthogortal 
CMFB first by minimizing the following objective function 
(4) m$ a = (0, I ~ ( e f ”  )I2du , 
subject to the PR constraint in (3) ,  
where h is the vector containing the impulse response of the 
prototype filter. h(n)  . The stopband attenuation of H ( z )  is 
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minimized, instead of H ,  (z) , because H,(z) 's are frequency 
shifted versions of the prototype filter. The cut-off frequency w, 
depends on the desired transition bandwidth and is chosen 
normally between - and - . 
Duo to the nonlinear-phase nature of the prototype filter in the 
biorthogonal CMFB, the design procedure is quite different from 
the orthogonal case. In fact, after designing the original CMFB 
using (4), the recombination CMFB G, (z )  is obtained by 
solving the following constrained optimization, 
7r 7r 
2M M 
min Q, =a@, + ( I - a ) @ ? ,  (5) 
9 
subject to the PR constraint in (3), 
where 
g is the vector containing the impulse response of the prototype 
filter, g ( n )  , a is a weighting factor between 0 and 1, w, is the 
passband cutoff frequency of H(e'" ) , and $ w p  and $U, are 
the passband and the stopband cutoff frequencies of G(r'")  , 
respectively. The second temi in (5) is used to suppress the 
spurious response of the nonuniform CMFB by matching the 
transition bands of the two CMFBs. 
IV. DESIGN PROCEDURE AND EXAMPLE 
The design procedure can be sunlniarized as follows: 
Given the decimation ratios {'%I, I = ~ , I  ,..., L - I ,  with ini 
coprime to M and 
L-l 
in, = M . 
Y j  
i=O 
Design an M-channel CMFB with a desired cutoff 
frequency w3 using (4). 
According to the frequency response of the prototype filter 
of the M-channel CMFB, design an ini -channel CMFB 
using (5). 
If all starting indices I ;  are even, the CMFB can be merged 
directly by the synthesis filters. 
If any i ;  is odd, the sequence (-1)'' should be multiplied 
to the corresponding channels before the subband merging. 
give an example to illustrate the effectiveness of the 
proposed method. Fig. 4 shows the frequency response of a 
biorthogonal nonunifomi CMFB with decimation factors 
( -,- ). In  this example, the lengths of the 3-channel. 4-channel 
and 7-channel biorthogonal CMFBs are 30, 40 and 70, 
respectively. The delay parameters s and si in (3) for the M- 
channel and ini -channel CMFBs are chosen to be 3, which is 
smaller than in-1 = 4 in the orthogonal case. The original and 
recombination CMFBs can in principle have different values of 
delay parameters. Table I compares the system delay and 
4 3  
7 7  
stopband attenuation between the orthogonal and biorthogonal 
PR nonuniform CMFBs. It is clear that the proposed nonuniform 
CMFB has a comparable stopband attenuation but lower system 
delay than its orthogonal counterpart. The optimizations in (4) 
and (5) are performed using the DCONF program in the IMSL 
library. DCONF converges in about 100 iterations, and the 
violation of PR constraints is of the order of It can be 
concluded from this and many other examples not shown here 
due to space limitation that nonuniform biorthogonal CMFBs 
with high stopband attenuation, low system delay, and low 
implementation complexity can be designed by the proposed 
method. 
V. CONCLUSION 
The theory and design of a class of biorthogonal PR nonunifom 
CMFBs, based on a recombination or merging structure in [I], is 
presented. By imposing a coprime condition on the numbers of 
channels in the original CMFB and the recombination TMUX, 
the analysis and synthesis filters become LTI, which 
considerably simplifies the design of such nonuniform filter 
banks. Using biorthogonal CMFBs. instead of their orthogonal 
counterparts, as the original and recombination or merging filter 
banks, nonunifomi CMFBs with comparable stopband 
attenuation but lower system delay can be obtained by the 
proposed method. 
REFERENCES 
S. C. Chan, X. M. Xie and T. I. Yuk, " Theory and design 
of a class of cosine-modulated nonuniform filter banks," 
Proc. ICASSP-2000, vol. 1, pp. 504-507.2000. 
P. Q. Hoang and P. P. Vaidyanathan, " Nonuniform 
multirate filter banks: theory and design," Proc. ZSCAS- 
R. V. Cox, '' The design of uniformly and nonuniformly 
spaced pseudoquadrature mirror filters," ZEEE Trans. on 
R. D. Koilpillai, T.Q. Nguyen and P. P. Vaidyanathan, 
I' Some results in the theory of crosstalk-free 
transmultiplexers," IEEE Truns. on SP.. vol. 39, pp. 
J. Kovacevic and M. Vetterli, " Perfect reconstruction filter 
banks with rational sampling factors," IEEE Tram. on SP., 
P. P. Vaidyanathan. Multirate systems and filter banks. 
Englewood Cliffs, NJ: Prentice Hall, ~ 1 9 9 2 .  
T. Q. Nguyen and P. N. Heller, " Biorthogonal cosine- 
modulated filter bank." Proc. ZCASSP-96, vol. 3, pp. 
1471 -1474, 1996. 
P. Heller and T.Q. Nguyen, '' A general formulation of 
modulated filter banks," IEEE Trans. on SP., vol. 47, pp. 
986-1002, Apr. 1999. 
Y. Luo, S. C. Chan and K. L. Ho, " Theory and design of 
arbitrary-length biorthogonal cosine-modulated filter 
banks," Proc. ISCAS-97. vol. 4, pp. 2429-2432, 1997. 
89, pp. 371-374, 1989 
ASSP., vol. ASSP-24, pp. 1090-1096, Oct. 1986. 
2 174-2 183, Oct. 199 1. 
vol. 4 I ,  pp. 2047-2066, Jun. 1993. 
11-37 
Fig. 1. Structure of nonunifomi filter bank (only the first /no branches are plotted) 
Nonuniform filter bank 
4 3  
(-,-) 
7 7  
orthogonal 
4 3  
(-.-) 
7 7  
biorhtogonal 
Fig. 2. Equivalent structure when M and nzo are coprime (analysis filters of the nonunifomi filter bank). 
n' I SI 
~ , l o  Filter Stopband Overall system 
SO 
length attenuation (dB) delay (samples) 
M S 
3 30 4 
4 40 4 52 139 
7 io  4 
3 30 3 
7 70 3 
4 40 3 48 1 1 1  
I . .  . . . . I .  1 , . . . . . I I 
e /I, 3 .  I., I :  o:, i, ax.  a ,  I,, 0 ,  : >l. 3 .  ,I, i: 0 : .  o >  e, 1. IJ. L. 
ll.l.,,,:*l ,..,.. **.">hi., F..*"., 
(a) (b) 
Fig. 3. The protrusion cancellation in  nonunifomi filter bank 
with sampling factors ( -, - ). 
Frequency responses of H, ( z )  when the transition bands of 
H, ( z )  and G, (:) are (a) mismatched, (b)  matched. 
4 3  
7 7  - 
0 005 0 1  0 1 5  O ?  0 2 5  0 3  035 0 4  045 0 5  
-1001 , ' ' ' . ' ' ' I 
Normalized Frequency 
Fig. 4. Frequency responses of the proposed nonunifomi 
CMFB with sampling factors ( -,- ). 4 3  
7 7  
Table 1 .  Comparison between orthogonal and biorthogonal nonuniform CMFBs 
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